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The elastic strain and stress ﬁelds associated with nanoscale compositional modulation in an anisotropic epitaxial ﬁlm
on an anisotropic substrate are obtained by using Stroh formalism and the Eshelby-type inclusion method. The compo-
sition of the epitaxial ﬁlm is considered to periodically ﬂuctuate in a surface soft mode, with the amplitude of the compo-
sition modulation maximal near the growing surface and decreasing exponentially into the ﬁlm. It has been experimentally
observed that the composition modulation aﬀects the formation of a new type of crystal defects, i.e., misﬁt dislocation
dipoles, in III–V compound semiconductor materials. The formation energy of a misﬁt dislocation dipole under the elastic
ﬁelds due to the composition modulation is calculated in this study. It is composed of the core and self energies of two
dislocations, the interaction energy between two dislocations, and the interaction energies between the composition mod-
ulation and two dislocations. Numerical calculations are performed for a dislocation dipole in a lattice-matched
Ga0.5In0.5P ﬁlm on a GaAs substrate.
 2005 Elsevier Ltd. All rights reserved.
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The phenomenon of spontaneous formation of self-organized surface structures has recently drawn great
attention due to its potential applicability in patterning nanoscale devices economically (Ledentsov et al.,
1998; Teichert, 2002). However, the composition modulation (CM) occurring in epitaxial ﬁlms had been re-
garded as an undesirable side eﬀect until its technological potential for device applications and the interesting
physical nature of nanoscale phenomena were noticed. Chou et al. (1995) fabricated and characterized
GacIn1cAs quantum wire lasers on an InP substrate by using the strain-induced lateral-layer ordering pro-
cess, in which quantum conﬁnement is provided by the lateral compositional modulation. The instability of0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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tion of structures with modulated composition. This decomposition takes place in such a way that the total
free energy of the system is minimized.
CMs with a typical dimension of 1–100 nm in quaternary In1xGaxAsyP1y ﬁlms have been investigated by
many researchers, as reviewed by Wu and Weatherly (2001). Some of the interesting phenomena among those
summarized in the aforementioned are that CM can occur along either h001i or h011i directions depending
on the anisotropic elastic constants of crystals, and CM in a ﬁlm under tension is much stronger than that
under compression of the same magnitude. Furthermore, In1xGaxAsyP1y epitaxial ﬁlms on (100) InP or
GaAs substrate compositionally ﬂuctuate in a surface soft mode, in which the amplitude of the CM is maximal
near the growing surface and decreases exponentially into the ﬁlm (Ipatova et al., 1993; Bert et al., 1999). It
can be inferred from these observations that the elastic ﬁelds due to the lattice mismatch, which spatially varies
in accordance with the variation of composition, have a strong eﬀect on the direction, amplitude, and proﬁle
of CM.
As a result of spinodal decomposition the single uniform phase of the type A1cBcD is decomposed into
two phases having the same crystal structure but diﬀerent compositions, one of which is A-atom rich and
the other B-atom rich. Due to the diﬀerence of atomic sizes, the epitaxial ﬁlm undergoes alternating stress
to match its lattice constant to that of a given substrate. Glas (1987) ﬁrst calculated the elastic ﬁelds associated
with CM in an epitaxial ﬁlm on a relatively thick substrate, assuming that both the ﬁlm and substrate are elas-
tically isotropic. Ipatova et al. (1993) and Okada et al. (1997) extended the analysis of Glas (1987) to cubic
crystals. The elastic moduli in their analyses were assumed to be composition-independent, which is reason-
able for inﬁnitesimal composition ﬂuctuations. Also, for mathematical simplicity, the ﬁlm and substrate were
considered to have the same elastic moduli.
A principal diﬃculty in the applications of epitaxial ﬁlm/substrate structures is that the stress associated
with the misﬁt strain gives rise to a driving force for structural defects in the structure. Dislocations are com-
mon defects developed in semiconductor materials (Freund, 2000). Even though the lattice constant of an epi-
taxial ﬁlm coincides with that of a substrate, the elastic ﬁelds associated with CM can cause the formation of
dislocations. On the other hand, dislocations may play a role in the evolution of composition ﬂuctuation
(Cottrell, 1953; Le´onard and Desai, 1998). Wang et al. (2000, 2001) reported that CM occurring in
Ga0.5In0.5P/GaAs lattice-matched system generates misﬁt dislocation dipoles. When the stress due to CM
reaches a certain critical value, dislocations tend to be introduced in order to relax the misﬁt strain. In their
experiments, the dislocations appear in pairs with opposite signs, forming special conﬁguration–dislocation
dipoles. They concluded that the dislocations are produced by lateral CM in the Ga0.5In0.5P epitaxial layer,
but not by the conventional lattice mismatch. It is believed that the critical thickness for the formation of
dislocations is reduced due to the CM (Wang et al., 2000, 2001), which was ﬁrst calculated by Ovidko and
Sheinerman (2002a,b). They assumed that the ﬁlm and substrate materials are isotropic and CM occurs in
a sinusoidal form and shows no variation through the entire ﬁlm thickness (not in surface soft mode).
In this study, the elastic strain and stress ﬁelds associated with nanoscale CM in an anisotropic epitaxial
ﬁlm on an anisotropic substrate are obtained by using Stroh formalism (Eshelby et al., 1953; Stroh, 1958;
Lekhnitskii, 1963) and the Eshelby-type inclusion method (Eshelby, 1957) (Section 2), in which the composi-
tion of the epitaxial ﬁlm periodically ﬂuctuates in a surface soft mode. In order to investigate the eﬀect of CM
on the formation of dislocation dipoles, the formation energy of misﬁt dislocation dipoles is derived in Section
3 and calculated for a dislocation dipole in Ga0.5In0.5P ﬁlm on a GaAs substrate in Section 4. Section 5 con-
cludes this study.
2. Elastic ﬁelds due to dislocation and composition modulation
The spatial variation of the lattice constant in an epitaxial ﬁlm associated with CM causes elastic stress and
deformation in the ﬁlm as well as in the substrate. In this section, the elastic ﬁelds due to CM in an anisotropic
ﬁlm/substrate system are investigated. The composition generally ﬂuctuates along either h001i or h011i direc-
tions (Wang et al., 2000; Wu and Weatherly, 2001). The anisotropic elasticity for a generalized two-dimen-
sional deformation, known as Stroh formalism (Eshelby et al., 1953; Stroh, 1958; Lekhnitskii, 1963), can
thereupon be used. Also, the long-range interaction of atoms caused by a line defect, such as a dislocation
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which is also analyzed in this section.2.1. Stroh formalism and Green function for a line defect
The linear theory of anisotropic elasticity for a generalized two-dimensional deformation has been well
summarized by Ting (1996). Therefore, we only review the essential parts of Stroh formalism required to pro-
ceed, in which a two-dimensional Cartesian coordinate system (x1,x2) is used. A general solution for displace-
ments ui(x1,x2), satisfying equilibrium equations and constitutive equations, and the corresponding stresses
rij(x1,x2) may be written as (Eshelby et al., 1953; Stroh, 1958; Lekhnitskii, 1963)uiðx1; x2Þ ¼ 2Re
X3
a¼1
AiafaðzaÞ; ð1Þ
r1iðx1; x2Þ ¼ 2Re
X3
a¼1
Biapaf
0
aðzaÞ; ð2Þ
r2iðx1; x2Þ ¼ 2Re
X3
a¼1
Biaf 0aðzaÞ ði ¼ 1; 2; 3Þ. ð3ÞHere, Re denotes the real part, and the prime implies the derivative with respect to the associated argument.
Throughout this paper, the convention of summation over repeated Latin subscripts is used, while summation
over repeated Greek subscripts is indicated explicitly. The function fa(za) (a = 1,2,3) is a holomorphic function
of the complex variable za = x1 + pax2. Each column of A and each of pa are the eigenvector and the eigen-
value with positive imaginary part, respectively, of the equations ½Ci1j1 þ paðCi1j2 þ Ci2j1Þ þ p2aCi2j2Aja ¼ 0.
The matrix B is given by Bia = (Ci2j1 + paCi2j2)Aja. Explicit expressions of A and B in terms of elastic constants
are given by Suo (1990) and Ting (1996).
When an elastic singularity such as a dislocation or a line force is located at a point ðs01; s02Þ in an anisotropic
half-plane (x2 6 h), the analytic function is given as (Suo, 1990; Choi and Earmme, 2002)faðzaÞ ¼ qa lnðza  saÞ þ
X3
b¼1
V abqb lnðza  sb  pahþ pbhÞ. ð4ÞHere, sa ¼ s01 þ pas02, V ¼ B
1
B, and the overbar represents the complex conjugate of a variable. For a dis-
location with a Burgers vector b, the vector q is given as q ¼ ð1=2pÞB1ðM1 þM1Þ1b, in which
M1 = iAB1, while q ¼ ð1=2pÞA1ðMþMÞ1p for a line force with the force per unit length p. The ﬁrst
term of the right side of Eq. (4) is the solution for a defect in an inﬁnite medium, while the second term is
generally called an image ﬁeld produced by a free surface. Eq. (4) is regarded as the Green function for an
elastic singularity in an anisotropic half-space, which is extensively utilized in the following sections in order
to obtain the elastic ﬁelds in complicated situations.
2.2. Stress and strain ﬁelds due to composition modulation
The elastic ﬁelds associated with CM in an epitaxial ﬁlm were ﬁrst calculated by Glas (1987) for elastically
isotropic materials, followed by Okada et al. (1997) for cubic crystals. Here, the analysis is extended to general
anisotropic crystals. Even though the elastic moduli of a ﬁlm may spatially vary more or less in accordance
with the composition ﬂuctuation, it is tacitly accepted that the ﬁlm has uniform moduli. Also, the ﬁlm and
substrate are considered to have the same elastic constants, which would be a reasonable assumption for
III–V compound semiconductor materials. CM in a pseudobinary epitaxial ﬁlm of type A1cBcD may take
place periodically, which can be expressed as a sum of a Fourier series. Therefore, in this study, the modula-
tion is assumed to be a sinusoidal function with a single frequency x. Furthermore, we consider the compo-
sitional ﬂuctuation in a surface soft mode, in which the amplitude of CM is maximal near the growing surface
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assumed to vary according to (Ipatova et al., 1993)afðx1; x2Þ ¼ af0ð1 e0ekx2 cosxx1Þ; ð5Þ
where af0 is the lattice constant of the ﬁlm corresponding to the average concentration, k a parameter for com-
position ﬂuctuation in a surface soft mode, e0 = cme
kh(aA  aB)/af0 the maximum misﬁt strain along the
interface, cm (jcmj 6 0.5) the amplitude of the composition modulation, and aA and aB are the lattice constants
of the atoms A and B, respectively (see Fig. 1).
The procedure adapted by Glas (1987) and also Okada et al. (1997) to obtain the elastic ﬁelds due to CM is
similar to that of Eshelby (1957), of which three steps are as follows:
I. External strain stage (superscript e): The ﬁlm is divided into a series of elementary cubes each having a
lattice constant represented by Eq. (5). With the unstressed state as the reference state, the elementary
cubes are subjected to external forces such that every cube deforms to have an average lattice constant
af0. Therefore, the strain and stress ﬁelds in the ﬁlm becomeeeijðx1; x2Þ ¼ dije0ekx2 cosxx1; reijðx1; x2Þ ¼ Cijmneemnðx1; x2Þ ¼ Cijmme0ekx2 cosxx1; ð6Þ
where dij is the Kronecker delta.II. Assembly stage: The elementary cubes are coherently assembled.
III. Relaxation stage (superscript r): The external forces applied at stage I are now released while preserving
the lattice coherency everywhere, which is achieved by introducing body force into the ﬁlm and surface
forces at the free surface and the ﬁlm/substrate interface. The solution procedure for this relaxation stage
is summarized in Appendix. The results of the procedure are as follows:2
e0
f r
0
a ðzaÞ ¼
xqRa
k þ xpai
þ
X3
b¼1
xV abqRb
k þ xpbi
 !
exp½kh xiðza  pahÞ 
xqRa
k  xpai
expðxzaiÞ

X3
b¼1
xV abqRb
k þ xpbi
exp½xiðza  pahþ pbhÞ þ
xqAa  kqBa i
k  xpai
expðkx2 þ xx1iÞ
 xq
A
a þ kqBa i
k þ xpai
expðkx2  xx1iÞ; ð7Þ
where qRa ¼ qAa þ paqBa , qA ¼ A1ðMþMÞ1fCi1mmg, and qB ¼ A1ðMþMÞ1fCi2mmg. Total strain
and stress ﬁelds due to composition modulation are given as the sum of those for the external strain stage
and the relaxation stage, i.e.,
emij ¼ eeij þ erij; rmij ¼ reij þ rrij. ð8ÞFig. 1. Misﬁt dislocation dipole located in a composition-modulated epitaxial ﬁlm on a substrate.
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Let us consider an epitaxial ﬁlm of thickness h deposited on a semi-inﬁnite substrate, as shown in Fig. 1.
Both the ﬁlm and the substrate materials have the same anisotropic elastic constants Cijmn. It is assumed that
the average lattice constant af0 of the ﬁlm coincides with that of the substrate, and therefore the misﬁt strain
due to the lattice mismatch is identically zero when the composition is uniform over the ﬁlm. (If CM takes
place in a lattice-mismatched epitaxial system, the misﬁt strain and stress due to the lattice mismatch may
be superposed on the elastic ﬁeld associated with CM obtained in the previous section.) The compositional
modulation is assumed to be a sinusoidal form with a single frequency xmultiplied by an exponential function
corresponding to a surface soft mode, as expressed in Eq. (5). CM causes the elastic stress rmij and strain e
m
ij in
both the ﬁlm and the substrate, as evaluated in Section 2.2. In turn, the locally high gradient of the elastic
stresses acts as a driving force for the formation of crystal defects, e.g., misﬁt dislocations, in order to lower
the total strain energy stored in the epitaxial ﬁlm/substrate structure. In this study, our interest is focused on
the formation of dislocation dipoles, which were newly observed by Wang et al. (2000, 2001) and are regarded
as one of the main mechanisms to relax the strain energy of CM stored in a lattice-matched epitaxial ﬁlm on a
substrate. Elastic stress and strain distributions associated with a dislocation dipole may be expressed simply
as the sum of the stress and strain ﬁelds of each of two dislocations, unless they are too close to produce highly
non-linear interactions. Given the positions s(m) and Burgers vectors b(m) of the dislocation m, the elastic stress
rðmÞij and displacement u
ðmÞ
i (or, equivalently, the strain e
ðmÞ
ij ) due to the dislocation m are obtained from Eqs. (1)–
(4). (Throughout the paper, the superscript m in parentheses refers to the dislocation m (m = 1 or 2).) Then, the
stress and strain ﬁelds due to a misﬁt dislocation dipole become rdij ¼ rð1Þij þ rð2Þij and edij ¼ eð1Þij þ eð2Þij , respec-
tively, with which the formation energy Ef of a dislocation dipole per unit length can be expressed asEf ¼ 1
2
Z Z
D
ðrdij þ rmij Þðedij þ emij Þdx1 dx2 
1
2
Z Z
D
rmij e
m
ij dx1 dx2; ð9Þin which the quantities with superscript m are deﬁned in Eq. (8) and the integration domain D encloses the
entire solid including the epitaxial ﬁlm and substrate but excludes the dislocation cores because the elastic ﬁeld
induced by the dislocations is no longer valid in their core regions. Applying the divergence theorem to the
formation energy yieldsEf ¼
X2
m¼1
ðEðmÞcore þ EðmÞself þ EðmÞintÞ þ Eddint; ð10ÞwhereEðmÞcore ¼
1
2
Z
CðmÞ
0
uðmÞi r
ðmÞ
ij nj ds; ð11Þ
EðmÞself ¼
1
2
Z
CðmÞþ
bðmÞi r
ðmÞ
ij nj ds; ð12Þ
EðmÞint ¼
Z
CðmÞþ
bðmÞi r
m
ij nj ds; ð13Þ
Eddint ¼
Z
Cð2Þþ
bð2Þi r
ð1Þ
ij nj ds; ð14Þare the core energy, the self energy, the interaction energy between the dislocation m and CM, and the inter-
action energy between the dislocations 1 and 2, respectively. Here, nj is the outward normal vector of integra-
tion contours, as depicted in Fig. 2, where CðmÞ0 and C
ðmÞ
þ are also shown. This formation energy Ef of a
dislocation dipole is meant to be the energy diﬀerence between the elastic energy when a dislocation dipole
is formed under the presence of the elastic ﬁelds of CM and that due to CM. If the formation energy is po-
sitive, a dislocation dipole is energetically unfavorable, while a dislocation dipole is favorable if it is negative
(for real materials there exists a certain barrier for the nucleation of dislocations; a dislocation dipole may not
be introduced into the crystals and then the ﬁlm/substrate structure may be in a metastable equilibrium state).
Fig. 2. Conﬁguration of misﬁt dislocation dipole in an epitaxial ﬁlm on a substrate.
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location dipole. In the following subsections, the integrals given in Eqs. (11)–(14) are evaluated by using the
solutions obtained in Section 2.
3.1. Core and self energies, EðmÞcore and E
ðmÞ
self
To calculate the core and self energies, EðmÞcore and E
ðmÞ
self , given in Eqs. (11) and (12), respectively, consider the
situation depicted in Fig. 2. The ﬁlm and substrate materials are initially stress-free and have no CM or any
defects. The elastic energy increased due to the dislocation 1 or 2 (but not both) is then equal to the work done
when dislocation 1 (or 2) glides from the free surface to the eventual position of the dislocation along the glide
plane, as illustrated in Fig. 2, which corresponds to the sum of the self and core energies of dislocation 1 (or 2).
The core region of a dislocation has highly non-local and non-linear characteristics, of which the energy
would not be addressed within the continuum theory. However, by cutting oﬀ the core region of radius
r0  h and replacing it with the traction distributions of a Volterra-type dislocation, the core energy EðmÞcore
of the dislocation can be approximately evaluated to be the work done by the tractions, as deﬁned in Eq.
(11). Substituting Eqs. (1)–(4) into Eq. (11), in which the second term of Eq. (4) is regular near the dislocation
and has no contribution to the core energy, and carrying out some algebraic manipulations yieldEðmÞcore ¼
X3
a;b;c¼1
Re Babq
ðmÞ
b Aacq
ðmÞ
c Xðpb; pcÞ þ BabqðmÞb AacqðmÞc Xðpb; pcÞ
n o
; ð15Þwhere the integral X(a,b) is deﬁned asXða; bÞ ¼
Z hþ2p
h
sin t  a cos t
cos t þ a sin t lnðcos t þ b sin tÞdt. ð16ÞHere, h (=h(1) = h(2)) is the angle between the x1-axis and the glide plane. By evaluating the above integral
numerically for given complex parameters a and b, we can obtain the core energy EðmÞcore of Eq. (15). It is worth
noting that the core energy is independent of the core radius r0 and position s
(m) of the dislocation.
The self energy EðmÞself of the dislocation m deﬁned in Eq. (12) is the line integral along the glide plane from the
free surface to the boundary of the core region of the dislocation. Therefore, integrating the self energy with
the stress given by Eqs. (2)–(4) results inEðmÞself ¼
1
4p
Lijb
ðmÞ
i b
ðmÞ
j ln
hðmÞ
r0 sin h
 !
þ bðmÞi Re
X3
a;b¼1
BiaV abq
ðmÞ
b ln
cos hþ pb sin h
pb  pa
 
sin h
" #( )
; ð17Þwhere L1 = Re(M1) and hðmÞ ¼ h sðmÞ2 is the glide depth.
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When two dislocations are formed together in an epitaxial ﬁlm, as shown in Fig. 2, the change of the elastic
energy, excluding the self and core energies of each dislocation, corresponds to the interaction energy Eddint be-
tween the two dislocations deﬁned in Eq. (14). The interaction energy is the work done by dislocation 2 when it
glides from the free surface to its eventual position under the elastic ﬁeld of dislocation 1. The roles of two
dislocations in calculating the interaction energy are exchangeable via the reciprocal theorem of the theory
of elasticity. Integration of the interaction energy given in Eq. (14) with the Green function given by Eqs.
(2)–(4) providesEddint ¼ 2bð2Þi Re
X3
a¼1
Biaqð1Þa ln
Ds1 þ hð2Þ cot hþ pahð1Þ
Ds1 þ paðhð1Þ  hð2ÞÞ
" #
þ
X3
a;b¼1
BiaV abq
ð1Þ
b ln
Ds1 þ hð2Þ cot hþ pbhð1Þ
Ds1  pahð2Þ þ pbhð1Þ
" #( )
;
ð18Þ
where Dsi ¼ sð2Þi  sð1Þi .
3.3. Dislocation–CM interaction energy, EðmÞint
Consider again the situation depicted in Fig. 2, but now the epitaxial ﬁlm has a compositional ﬂuctuation,
of which the lattice constant is given by Eq. (5). The stress and strain due to CM in the ﬁlm are given in Section
2.2. When dislocation 1 or 2 (but not both) glides in a ﬁlm having an elastic ﬁeld of CM, the change of elastic
energy, except for the self and core energies of the dislocation itself, is the interaction energy EðmÞint deﬁned in Eq.
(13). Substituting Eq. (8) together with Eqs. (2), (3), (6), and (7) into Eq. (13) and integrating Eq. (13), we
obtainEðmÞint ¼ e0bðmÞi Im
X3
a¼1
BiaqRa
gðmÞa expðkhÞ
k þ ixpa
þ g
ðmÞþ
a expðihxpaÞ
k  ixpa
 ( )
 e0bðmÞi Im
X3
a;b¼1
BiagðmÞa V abq
R
b
k þ ixpb
½expðkhÞ  expðihxpbÞ
( )
þ e0bðmÞi Re
X3
a¼1
Biaðcos hþ pa sin hÞ
xqAa  ikqBa
k  ixpa
1ðmÞ  xq
A
a þ ikqBa
k þ ixpa
1ðmÞ
 ( )
þ Cijmme0b
ðmÞ
i nj
k2sin2hþ x2cos2h
n
k sin h½expðkhÞ cosðxsðmÞ1 þ xhðmÞ cot hÞ  expðksðmÞ2 Þ cosðxsðmÞ1 Þ
þ x cos h½expðkhÞ sinðxsðmÞ1 þ xhðmÞ cot hÞ  expðksðmÞ2 Þ sinðxsðmÞ1 Þ
o
; ð19Þin whichgðmÞa ¼ expðixsðmÞ1 Þ½expðihðmÞx cot hÞ  expðihðmÞxpaÞ; ð20Þ
fðmÞ ¼ expðksðmÞ2 þ ixsðmÞ1 Þ
expðkhþ ihðmÞx cot hÞ  1
k sin hþ ix cos h . ð21Þ4. Numerical calculations and discussion
4.1. Example: a dislocation dipole in Ga1cIncP ﬁlm on a GaAs substrate
Numerical calculations are carried out for a dislocation dipole in Ga1cIncP epitaxial ﬁlm on a GaAs sub-
strate, as shown in Fig. 1. The lattice constants of GaAs, GaP, and InP are 5.653, 5.451, and 5.869 A˚, respec-
tively (Simmons and Wang, 1971), and the average composition of the Ga1cIncP ﬁlm is c ¼ 0:5. Since the
lattice constant of Ga0.5In0.5P almost coincides with that of GaAs, no misﬁt strain is developed in the ﬁlm
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growth direction is [100]. CM is assumed to take place in the ð011Þ plane, which is the deformation plane. The
x1, x2, and x3 coordinate directions are chosen to be [011], [100], and ½011, respectively, in crystallographic
directions. The diﬀerence of elastic constants between the ﬁlm and substrate would be small and comparable
for the ﬂuctuation magnitude of elastic constants associated with CM in the Ga1cIncP ﬁlm. Therefore, the
elastic constants of Ga1cIncP material are assumed to be the same as those of GaAs material, given as
C11 = 118.1, C12 = 53.2, and C44 = 59.4 GPa (Simmons and Wang, 1971).
Consider the dipole of so-called ‘‘60-dislocations’’, of which Burgers vectors are bð1Þ ¼ bð1=2; 1= ﬃﬃﬃ2p ;1=2Þ
and bð2Þ ¼ bð1=2;1= ﬃﬃﬃ2p ;1=2Þ in (x1,x2,x3) coordinate system. The edge components of two dislocations
have opposite sign, while the screw components can be either positive or negative. The length b of the Burgers
vectors can be any integer multiples of af0=
ﬃﬃﬃ
2
p
. The glide planes of the dislocations are considered to be the ð111Þ
plane, and therefore the angle between the glide plane and x1-axis is h = 54.7. The core radius r0 of the dislo-
cations is chosen to be half of the Burgers vector length b. It should be noted that in calculating the formation
energy of a dislocation dipole the non-local and non-linear eﬀects are not considered here. These eﬀects might be
signiﬁcant if the distance between the two dislocations is of the order of the dislocation core size. The core energy
EðmÞcore, self energy E
ðmÞ
self , dislocation–dislocation interaction energy E
dd
int, and dislocation–CM interaction energy
EðmÞint depend on various variables, that is, the positions s
(m) of two dislocations, the sign of the screw component
of b(m), the ﬁlm thickness h, the frequency x and amplitude cm of CM, and the parameter k for CM in a surface
soft mode. In the following section the eﬀects of these variables on the energies are investigated.
4.2. Core and self energies, EðmÞcore and E
ðmÞ
self
Provided that the Burgers vector of a dislocation is known, the core energy of the dislocation is independent
of all the geometric parameters as well as the variables concerned with CM enumerated in the previous section,
and is even independent of the core radius of the dislocation and the signs of the edge and screw components
of the Burgers vectors. Evaluating Eqs. (15) and (16) for the given Burgers vectors yields
EðmÞcore = 0.128 · 10
11 Pa A˚2. On the other hand, the self energy EðmÞself depends only on the glide depth
hðmÞ ¼ h sðmÞ2 . Therefore, Eq. (17) gives EðmÞself = 0.729 · 1011 ln (h(m)/0.1632) + 0.284 · 1011 Pa A˚2, which is also
independent of the signs of the edge and screw components of the Burgers vectors. When a fresh dislocation
glides from the free surface into the material, the elastic strain energy associated with the dislocation must al-
ways be positive, as are the core and self energies.
4.3. Dislocation–dislocation interaction energy, Eddint
From the interaction energy between two dislocations given in Eq. (18), it may be inferred that the inter-
action energy is a function of two non-dimensional parameters Ds1/h
(1) and h(2)/h(1), which is plotted in Fig. 3.
The unit of the interaction energy in the contours is in 1011 Pa A˚2. When the screw components of two dislo-
cations have the same sign, the interaction energy is as shown in Fig. 3(a), while Fig. 3(b) shows the interaction
energy when the screw components have opposite signs. The interaction energy is negative throughout the
range of Ds1/h
(1) and h(2)/h(1) considered. And the latter case (Fig. 3(b)) has larger magnitude of interaction
energy than the former case (Fig. 3(a)), which indicates that the dipole of two dislocations with b(2) = b(1)
is likely to form in the ﬁlm/substrate structure. Fig. 3 also shows that as two dislocations get closer together,
that is, as Ds1/h
(1) and h(2)/h(1) approach zero and unity, respectively, the interaction energy proceeds toward
negative inﬁnity proportional to the value of ln[Ds1/h
(1) + pa(1  h(2)/h(1))], as can be seen in Eq. (18). How-
ever, if the distance between two dislocations becomes the order of the core radius of the dislocations, the
two dislocations begin to interact with each other non-linearly. Their interaction energy could then not be
evaluated within the framework of the theory of linear elasticity.
4.4. Dislocation–CM interaction energy, EðmÞint
Before discussing the interaction energy between a dislocation and CM, it should be noted that the resolved
shear stress acting on the glide planes, associated with CM, becomes the driving force to move dislocations.
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Fig. 3. Interaction energy Eddint between two dislocations forming a dipole of misﬁt dislocations. The unit of the interaction energy in the
contours is in 1011 Pa A˚2. (a) When the screw components of two dislocations have the same sign and (b) when the screw components of
two dislocations have opposite signs.
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rg12=e0 MPa, acting on the glide planes of angle h = 54.7 is plotted in Fig. 4, where k = 20 nm and
h = 50 nm are used. When the surface-soft-mode parameter k is equal to zero (Fig. 4(a)), since the composi-
tion depends only on the x1-axis, the resolved shear stress is quite uniform along the x2-direction, except for
near the free surface and interface. When the parameter k is equal to 0.02 nm1 (Fig. 4(b)), the resolved shear
stress attenuates near the interface, since the amplitude of CM is maximal near the surface and decreases expo-
nentially into the ﬁlm. Recalling that the lattice constants of GaP and InP are 5.451 and 5.869 A˚, respectively,
we know that for the composition proﬁle of Eq. (5) Ga atoms are rich near x1 = 0 and x1 = k, at which point
the ﬁlm experiences tensile strain, while In atoms are rich near x1 = k/2, at which point the ﬁlm is under com-
pressive strain. The resolved shear stress, meanwhile, is positive near x1 = 0 and x1 = k, and negative near
x1 = k/2. Positive (negative) resolved shear stress tends to move a dislocation to the positive (negative) direc-
tion of its Burgers vector. Consequently, near x1 = 0 and x1 = k, the dislocations of the Burgers vector
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Fig. 4. The resolved shear stress divided by e0, i.e., r
g
12=e0 MPa, associated with CM, acting on the glide plane, in which k = 20 nm and
h = 50 nm are used. (a) When the surface-soft-mode parameter k is equal to zero and (b) when the surface-soft-mode parameter k is equal
to 0.02 (nm1).
S.T. Choi, Y.Y. Earmme / International Journal of Solids and Structures 43 (2006) 6294–6308 6303bð1=2;1= ﬃﬃﬃ2p ;1=2Þ and near x1 = k/2 dislocations of the Burgers vectors bð1=2; 1= ﬃﬃﬃ2p ;1=2Þ tend to move
to the interface along the glide plane.
The interaction energy EðmÞint between a dislocation and CM is a complicated function of various parameters,
that is, the positions s(m) of the dislocations, the ﬁlm thickness h, the frequency x, the amplitude cm, and the
surface-soft-mode parameter k of CM. However, the sign of the screw component of the dislocation does not
aﬀect the interaction energy. Here, we discuss the interaction energy only for dislocation 1 of the Burgers vec-
tor bð1=2; 1= ﬃﬃﬃ2p ;1=2Þ. If the sign of the Burgers vector changes, that of the interaction energy also changes;
however, the magnitude retains the same value. Therefore, the interaction energy Eð2Þint between dislocation 2
and CM can be easily inferred from Eð1Þint . Depending on the frequency x = 2p/k and the surface-soft-mode
parameter k, four sets of curves for Eð1Þint are given in Fig. 5 for (a) k = 20 nm and k = 0 nm
1, (b)
k = 10 nm and k = 0 nm1, (c) k = 20 nm and k = 0.02 nm1, and (d) k = 10 nm and k = 0.02 nm1. Since
e0 = cme
kh(aB  aA)/af0 is the only multiplying factor on the interaction energy, the interaction energy divided
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6304 S.T. Choi, Y.Y. Earmme / International Journal of Solids and Structures 43 (2006) 6294–6308by e0 for selected ranges of the parameters is plotted in Fig. 5, where the ﬁlm thickness h is ﬁxed to be 50 nm.
In all the graphs of Fig. 5, the maxima and minima of the interaction energy exist at the left of sð1Þ1 ¼ k=2 and
sð1Þ1 ¼ k, respectively, which may be consequences of the resolved shear stress distribution. That is, the positive
resolved shear stress near x1 = k/2 makes dislocation 1 have a minimum interaction energy at the left of
x1 = k/2, since the dislocation moves from the upper right to lower left along the inclined glide plane. Mean-
while, dislocation 2 is likely to be formed at the left of x1 = k. When the parameter k is zero (Fig. 5 (a) and (b)),
as inferred from the resolved shear stress plotted in Fig. 4(a), the interaction energy hardly varies with sð1Þ2 ex-
cept for small sð1Þ2 and near s
ð1Þ
2 ’ h. On the other hand, if the parameter k is equal to 0.02 nm1 (Fig. 5(c) and
(d)), interestingly, the interaction energy has several minima and maxima.4.5. Composition proﬁle vs. the formation of dislocation dipoles
In the previous sections the formation energy, composed of EðmÞcore, E
ðmÞ
self , E
ðmÞ
int (m = 1,2), and E
dd
int are calculated
for given x and k. However, CM in growing epitaxial ﬁlms takes place in such a way that the combined free
energy of mixing, phase boundary, and elastic ﬁeld is minimized. The composition proﬁle in epitaxial ﬁlms
may then be obtained by using the phase ﬁeld theory (Gao et al., 2002). The proﬁle may have any functional
form of position rather than the sinusoidal form for x1 and exponential form for x2 as given in Eq. (5). The
composition proﬁle can be expressed as the series sum of Eq. (5) with diﬀerent xs, ks and e0s, i.e.,
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XN
n¼1
en0e
knx2 cosxnx1
 !
. ð22ÞThe interaction energy EðmÞint between a dislocation and the CM will also become the sum of the individual inter-
action energies corresponding to each set of xn, kn and en0. We can then get realistic results for a dislocation
dipole formation.
Here, we consider a simple example wherein the composition proﬁle of an epitaxial ﬁlm of thickness h = 50
(nm) is expressed asafðx1Þ ¼ af0  af0e0 cosx0x1  1
3
cos 3x0x1  1
5
cos 5x0x1
 
; ð23Þin which af0 = 5.653 A˚, e0 = 0.03182, and x0 = p/20 (nm
1) (i.e., k = 20 (nm)). Therefore, the surface soft
mode is not considered in the composition proﬁle for simplicity and the proﬁle is only a function of x1 but
not x2. The composition proﬁle given in Eq. (23) is depicted in Fig. 6. Since dislocations forming a dipole
are likely to form near phase boundaries, the width and the height of phase boundaries are the key features
of composition proﬁle, while the proﬁle in the regions of GaP-rich and InP-rich phases is less important. Even
though the proﬁle given in Eq. (23) is a simple approximation, it is useful for instructional purpose because it
shows the phase boundaries with monotonically increasing (or decreasing) composition. Realistic examples of
composition proﬁle can be found in Fig. 3 of Gao et al. (2002), in which the proﬁles were obtained by the
phase ﬁeld theory. Two dislocations having bð1Þ ¼ ðaf0=
ﬃﬃﬃ
2
p Þð1=2; 1= ﬃﬃﬃ2p ; 1=2Þ and bð2Þ ¼ ðaf0= ﬃﬃﬃ2p Þð1=2;
1= ﬃﬃﬃ2p ; 1=2Þ are candidates that can be formed in the epitaxial ﬁlm provided that the formation energy is low-
er than zero. In order to simplify the analysis, sð1Þ2 and s
ð2Þ
2 are assumed to be the same. The formation energies
of a dipole of two dislocations are plotted in Fig. 7, where sð1Þ2 ¼ sð2Þ2 ¼ 0 (Fig. 7(a)) and sð1Þ2 ¼ sð2Þ2 ¼ 10 (nm)
(Fig. 7(b)) are used. Interestingly, we cannot ﬁnd a region of negative formation energy in Fig. 7(a), while a
region of negative formation energy exists in Fig. 7(b). This supports the experimental observations given by
Wang et al. (2000, 2001), showing that dislocation dipoles due to CM are usually formed near the interface but
not on the interface. Also, in the case of sð1Þ2 ¼ sð2Þ2 ¼ 10 (nm) (Fig.7(b)), approximately sð1Þ1 ¼ 5 (nm) and
sð2Þ1 ¼ 15 (nm) are the most favorable sites of dislocations 1 and 2, respectively, which correspond to the phase
boundary, as can be seen in Fig. 6.
4.6. Discussion on dislocation dipoles in lattice-mismatched epitaxial systems
The energetic study on dislocation dipoles developed in this paper can be easily extended to include the
eﬀect of lattice mismatch between a ﬁlm and a substrate. The diﬀerence between lattice constants causes0 2 4 6 8 10 12 14 16 18 20
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take into account the misﬁt stress ﬁeld, all we have to do is to add to Eq. (10) the interaction energy between
the dislocation m and the misﬁt stress ﬁeld. Since the misﬁt stress ﬁeld is constant over the ﬁlm, the interaction
energy depends only on the glide length of along the glide plane, the resolved shear stress acting on the glide
plane of the dislocation m, and the Burgers vector of the dislocation m. It is worth noting that if the glide plane
is ﬁxed, the resolved shear stress is the same over the ﬁlm. Therefore, if the Burgers vectors of two dislocations
have the same magnitude but opposite signs, so do the interaction energies, provided that two dislocations
glide the same length. That is, if two dislocations forming a dislocation dipole glide the same length, the total
formation energy of the dislocation dipole remains the same. On the other hand, the misﬁt stress ﬁeld retards
the formation of one dislocation, while it promotes the formation of the other dislocation.
5. Summary
The elastic strain and stress ﬁelds associated with nanoscale compositional modulation in an anisotropic
epitaxial ﬁlm on an anisotropic substrate are obtained by using Stroh formalism and the Eshelby-type inclu-
sion method. The composition of the epitaxial ﬁlm is considered to periodically ﬂuctuate in a surface soft
mode. The formation energy of a misﬁt dislocation dipole under the elastic ﬁelds due to the composition
S.T. Choi, Y.Y. Earmme / International Journal of Solids and Structures 43 (2006) 6294–6308 6307modulation is calculated. The formation energy is composed of the core and self energies of two dislocations,
the interaction energy between two dislocations, and the interaction energies between the composition mod-
ulation and two dislocations. Numerical examples and discussions are provided for a dislocation dipole in a
lattice-matched Ga0.5In0.5P ﬁlm on a GaAs substrate. The formation energy of a dislocation dipole, as ob-
tained in this study, can be a stepping stone toward obtaining the critical condition for a dislocation dipole
formation, provided that the composition proﬁle in an epitaxial ﬁlm is known.
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Appendix A. Derivation of Eq. (7)
When the external forces applied at stage I are released while preserving the lattice coherency everywhere,
the body force in the ﬁlm and the surface forces at the free surface and the ﬁlm/substrate interface, which
should be introduced for equilibrium, are as follows:gri ¼ reij;j ¼ Ci2kke0kekx2 cosxx1  Ci1kke0xekx2 sinxx1; in 0 6 x2 6 h; ðA:1Þ
tri ¼ rei2 ¼ Ci2kke0ekh cosxx1; at x2 ¼ h; ðA:2Þ
tri ¼ rei2 ¼ Ci2kke0 cosxx1; at x2 ¼ 0. ðA:3ÞBy using the Green function for a point force in an anisotropic half-space, as given by Eq. (4), the function
f 0ra ðzÞ can be expressed as2p
e0
f 0ra ðzaÞ ¼ qBa
Z 1
1
cosxx01 dx
0
1
za  x01
þ V abqBb
Z 1
1
cosxx01 dx
0
1
za  pahþ pbh x01
 ekhðqBa þ V abqBbÞ
Z 1
1
cosxx01 dx
0
1
za  pah x01
 xqAa
Z h
0
Z 1
1
ekx
0
2 sinxx01 dx
0
1 dx
0
2
za  x01  pax02
 xV abqAb
Z h
0
Z 1
1
ekx
0
2 sinxx01 dx
0
1 dx
0
2
za  pahþ pbh x01  pbx02
þ kqBa
Z h
0
Z 1
1
ekx
0
2 cosxx01 dx
0
1 dx
0
2
za  x01  pax02
þ kV abqBb
Z h
0
Z 1
1
ekx
0
2 cosxx01 dx
0
1 dx
0
2
za  pahþ pbh x01  pbx02
; ðA:4Þwhere qA ¼ A1ðMþMÞ1fCi1mmg and qB ¼ A1ðMþMÞ1fCi2mmg. In order to evaluate the integrals gi-
ven in the above equation, we use the integral formulas for x > 0 given as1
p
Z 1
1
cosxs
z s ds ¼
i expðxziÞ; if Imfzg > 0;
i expðxziÞ; if Imfzg0;
	
ðA:5Þ
1
p
Z 1
1
sinxs
z s ds ¼
 expðxziÞ; if Imfzg > 0;
 expðxziÞ; if Imfzg0;
	
ðA:6Þwhich are well-known results from the Fourier transform method. Then, using Eqs. (A.5) and (A.6) in Eq.
(A.4), along with some algebraic manipulations, yields Eq. (7).
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